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Abstract-The object of the present paper is to prove some properties of certain pvalently close- 
toconvex functions of order Q in the unit disk. 
1. INTRODUCTION 
Let A,,(R) be the class of functions of the form 
f(z) = zp + g ak Zk, pEN={1,2,3 ,... }, HEN, (1.1) 
k=p+n 
which are analytic in the unit disk U = {z : 1~1 < 1). A function j(z) belonging to Ap(n) is said 
to be in the class Rp(n,cr) if it satisfies 
& m >(y, 1 > zP-1 .% E u, (1.2) 
for some cr, (0 5 o < p). We note that Rp( n, Q) is the subclass of pvalently close-to-convex 
functions of order CY in U. 
In order to establish our results, we need the following lemma, due to Miller and Mocanu [l]. 
LEMIMA. Let d(u, v) be a complex-valued function, 
qi:D-+C, D c C’, (C is the complex plane), 
and Jet u = ui + ius, v = v1 + iv*. Suppose that the function c$(u,v) sati.sfJes the following 
conditions: 
(i) ~(u,v) is continuous in D; 
(ii) (1,0) E D and Re{d(l,O)} > 0; and 
(iii) for aJJ (ius,vr) E D such that vr 5 -4(l+ u$), Re{4(ius,vi)} 5 0. 
Let p(z) = 1 + p, z” + . . . be regular in U such that (p(z),zp’(z)) E U for aJJ,z E U. If 
Re{4(p(z), ZP’(Z))} > 0, (2 E U), then R&(z)} > 0, (2 E U). 
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2. PROPERTIES OF THE CLASS &,(n,o) 
We begin with the statement and the proof of the following result. 
THEOREM 1. If f(t) E Rp(n, a), then 
z E u. 
PROOF. Defining the function q(z) by 
f(z) 
- = P + (1 - P) Q(Z), zp 
(2.1) 
(2.2) 
with 
n + 2o 
p=- 
n+2p’ 
(2.3) 
we see that q(z) = 1 + qn zn + qn+l z”+l + . . . is regular in U and that 0 < ,B < 1. It follows 
from (2.2) that 
2 = PP + (1 - PI (P4Z) + z dW9 c-w 
that is, that 
Re{$$-o} = Re{pP - o + (I - P) (PQ(Z) + z !l’(z))l > 0. (2.5) 
Let us define +(u, v) by 
d(U> VI= PP - a + (1 -P) (pu + v), (2.6) 
(note that u = q(z) and v = z q’(z)). Then $(u, v) satisfies 
(i) fj(u, v) is continuous in D = C2; 
(ii) (1,0) E D and Re{q%(l,O)} = p- a > 0; and 
(iii) for all (iu2,vi) E D such that vi 5 -+ (1+ ui), 
~{~(~~z,vl)}=PP-~+(1-P)vl<pP-(Y- 
n(l-P)(1+4 < o 
2 -* 
Thus, we obtain that ~(u,v) satisfies the conditions in the lemma. This shows that Re{q(z)} 
> 0, (.z E U) or 
(2.7) I 
REMARK. A more general result than Theorem 1 (with n = 1) was given by Saitoh [2]. 
Taking p = 1 in Theorem 1, we have the following corollary. 
COROLLARY 1. If f(z) E Rl(n, a), then 
% E u. (2.8) 
REMARK. If we put Q = 0 in Corollary 1, then we have the corresponding result due to 
Cho [3, Theorem 21. Corollary 1 is due to ObradoviC [4, Corollary 41. 
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Further, we prove the following theorem. 
THEOREM 2. If f(z) E Rp(n,a), then 
Re 
Jz 
j(z) > n+&9+4a(p+n) 
ZP 2(p+n) ’ 
.z E u. 
PROOF. We define the function q(r) by 
$_ f(z) -=P+(l-P)n(z), ZP 
where 
P= 
n+ n2+4a(p+n) 
2(p+n) * 
(2.9) 
(2.10) 
(2.11) 
Taking differentiations in both sides of (2.10), we have 
f’(z) _ - - P(P + (1 - PI da2 + 2 (1 - PI (P + (1 - PI !z(z)) z dW> zP--l (2.12) 
Oie{$-o} = Re{P(P+(l-P)q(%))s+2(l--P)(P+(l-B)q(r))rqf(%)-o] > 0. (2.13) 
Defining the function ~(u,v) by 
we see that 
~(%~)=P(P+(1-~)~)2+2(1-/3)(P+(1-P)~)~-~, (2.14) 
(i) 4(u,~) is continuous in D = C2; 
(ii) (1,0) E D and Re{q%(l,O)} = p - a > 0; and 
(iii) for all (i~z, ~1) E D such that ~1 5 -3 (1 + II;), 
Re{4(iw, ~1)) = p(P2 - (I- PI2 ug) + W (I- PI ~1 - a 
~p/32-p(1-~)2u;-nnp(l-~)(l+u~)-a~o. 
Since the function d(u, II) satisfies the conditions in the lemma, we have 
n+ n2+4cr(p+n) 
2(p+n) ’ 
(2.15) 
which completes the proof of Theorem 2. 
REMARK. A more general result than Theorem 2 (with n = 1) was proved by Srivastava, Owa, 
Ren and Saitoh [5, Theorem 31. 
Letting p = 1 in Theorem 2, we have the following corollary. 
COROLLARY 2. If f(z) E R~(~,cx), then 
Re J- f(r), n+&24a(n+l) % 2(n+l) ’ z E u. (2.16) 
REMARK. Srivastava, Owa and Obradovic [6, Theorem 31 have shown that if f(r) E Rl(n, a), 
then 
n2+4n+4a-n 
2 ’ 
% E u. 
Since 
nz+4n+4a-n 
> 
n+ n2+4a(n+ 1) 
2 2(n+l) ’ 
for n 2 1 and 0 5 Q < 1, the result by Srivastava, Owa and Obradovit [6, Theorem 31 is better 
than Corollary 2. 
Making Q = 0 in Theorem 2, we have the next corollary. 
COROLLARY 3. If f(z) E Rp(n,O), then 
F& !M>n J- %P p+n’ % E u. (2.17) 
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